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COMPARISON OF SEVERAL ADAPTIVE NEWTON-COTES 
QUADRATURE ROUTINES IN EVALUATING DEFINITE 

INTEGRALS WITH PEAKED INTEGRANDS 

by 

K. E. Hillstrom 

ABSTRACT 

This report compares the performance of five dif
ferent adaptive quadrature schemes, based on Newton-Cotes 
(2N + l)-point rules (N = 1, 2, 3, 4, 5), in approximating the 
sets of definite integrals 

r ' (x^ + p^) ' ' dx, r ' x / ( l . l -x )Pdx , andj"^' xP(x - 2)(x - 3) dx 

with relative accuracy e . 

I. INTRODUCTION 

High-degree Newton-Cotes quadrature rules have seldom been used 
in pract ice because they occasionally fail to converge or they contain 
weights of different signs. This report show*, by numerical experiment 
only that there a re certain quadratures for which moderate degree Newton-
Cote's ru les , used adaptively, may be superior to other rules based on 
equally spaced absc i ssas . 

McKeeman' '^ and Davis and Rabinowitz* describe the use of ^ 
quadrature rules in an adaptive manner by means of algori thms. Lyness 
gives a thorough description of the Adaptive Simpson Rule, together with 
suggested modifications. 

II. QUADRATURE SCHEMES USED 

The schemes used in these investigations a re adaptive Newton-Cotes 
rules of degree 3, 5, 7, 9, and 11. incorporating the modifications of 
types 1 2 and 3 described in Ref. 5, adjusted for use with the part icular 
rule . The resul t s a re . therefore, of polynomial degree 5, 7, 9, 11. and 13. 
respectively. 



In p a r t i c u l a r , if £ is the to ta l abso lu t e e r r o r a l lowed and 

2N+1 

Q N 
[ a , a + h ] f(x) = ^ ajf(xj) 

J = 

i s the (2N + 1) Newton -Co te s Rule , c o n v e r g e n c e is a c h i e v e d ove r the 

i n t e r v a l [a , a + h] if for 

A = QN[a ,a + h ] f ( x ) - ( Q N [ a . a + | ] f ( x ) + Q N [ a + | ' ^ " ^ ^ ' 

A 
2 ^ N + i . i e 

w h e r e h = (B - A) Z"". If this c o n v e r g e n c e c r i t e r i o n is not s a t i s f i e d and 
if r < 30, the i n t e r v a l is b i s e c t e d , r is r e p l a c e d by r + 1, and, a f te r 
function eva lua t ions at the new m e s h po in t s , the above t e s t i s r e p e a t e d . 
If the conve rgence c r i t e r i o n is sa t i s f i ed or if r = 30, 

Q ^ l a . a + I ] f(x) + QN[a + | , a + h] f(x) + A / ( 2 ^ N + I . Ĵ 

is accep ted as an a p p r o x i m a t i o n for the i n t e g r a l over [a, a + h] , th i s 
app rox ima t ion being of d e g r e e 2N + 3. F ina l ly , t h e s e c o m p o n e n t a p 
p r o x i m a t i o n s and e r r o r e s t i m a t e s a r e s u m m e d to obta in a final or 
to ta l a p p r o x i m a t i o n over [A, B]. 

III. INVESTIGATIONS CONDUCTED 

N u m e r i c a l i n t e g r a t i o n s w e r e c a r r i e d out us ing the five d i f fe ren t 
adapt ive Newton-Co tes r u l e s in a p p r o x i m a t i n g t h r e e s e t s of def in i te 
i n t e g r a l s . In each c a s e , an input p a r a m e t e r £ p r e s c r i b e s the e r r o r . A 
rout ine is t e r m e d the nnost eff icient if i ts r e s u l t s a t i s f i e s the e r r o r c r i 
t e r i o n £ while r e q u i r i n g the fewest function e v a l u a t i o n s . The a c t u a l e rror 
in each r e s u l t i s usua l ly much s m a l l e r than £ . 

IV. COMPUTATIONS 

All the c o m p u t a t i o n s conduc ted w e r e p e r f o r m e d on an IBM 360 /50-75 
in d o u b l e - p r e c i s i o n floating point . 



and 

The sets of definite integrals 

I, = J_'̂  (x^ + P^)-', 

12 = f x / ( l . l -x)P dx, 
Jo 

13 = [ ' x P ( x - 2 ) ( x - 3 ) dx 
Jo 

have been evaluated with p ranges (1, lO'"), (1,9), and (1, 16), respectively, 
and £ ranging from 1 to 10 . 

For small p, the Ii integrand has apeak of height p"^ at the origin and 
is approximately 1 at the end points, and I, is approximately equal to rrp . 

For large p, the I2 integrand has a maximum of 1 OP at the upper 
limit and is zero at the origin, and I2 is approximately equal to 10 / (p - 1). 

For large p, the I3 integrand has a maximum near 2, has a minimum 
near 3, and is zero at the origin and at x = 2 and x = 3, and I3 is approxi
mately equal to -3P / p . 

The appendix presents FORTRAN listings of the comparison routine. 
the integrand and integral evaluation subroutines, and the five adaptive 
quadrature subroutines. 

V. RESULTS , 

Results using the adaptive Newton-Cotes rules for the quadratures I,, 
I2, and I3 a re displayed in Figs. 1, 2. and 3, respectively, and are to the required 
accuracy £l. If the point {p,£) lies in the zone numbered N, the adaptive 
Newton-Cotes (2N + l)-point rule is the most efficient of those tested. 

The actual demarcation lines between zones are not regular in 
Figs. 1 and 2. These i r regular i t ies are partly due to the fact that the 
number of points used by the adaptive Newton-Cotes rule of degree 
2N + 1 in approximating an integral over (a. a + h) is res t r ic ted to numbers 
of the form 8kN + 1 (k = 1, 2, 3. . . . ) . If the integrand function is al tered 
slightly the demarcation line is different in detail, but has the same general 
configuration. In Figs. 1 and 2, the "buffer zones" between distinct zones 
indicate the general width of these i r regular i t i es . 



•. 
< 

IO-«r 

10"^ 

10-6 

.0-' 

I0-* 

10-3 

10-2 

lo-i 

^ 
ZONE 

ZONE 
Z 

1 

ZONE 
3 

ZONE 

ZONE 
5 

0-" 

0-' 

0-6 

0-s 

0-* 

0-= 

0-2 

0-' 

-

-

-

-

" 

ZONE 

ZONE 
2 

ZONE 
3 

ZONE 

ZONE 
5 

i\ 1 1 

hp2)'-'' dx for p Ranging from 

Fig. 1. Performance Comparison in Approximating 

jNxz+i 

1 to 10' and e Ranging from 1 to 10" . 
If the point (p.£) lies in the zone numbered 
N. the adaptive Newton-Cotes (2N+ l)-point 
rule is the most efficient of those tested. 

Fig. 2. Performance Comparison in Approximating 

r x/( l . l -x)P dx for p Ranging from 

Jo .„ 
1 to 9 and £ Ranging from 1 to 10 . If 
the point (p, £) lies in the zone numbered 
N, the adaptive Newton-Cotes (2N+l)-point 
rule is the most efficient of those tested. 

Fig. 3 

Performance Comparison in Approximating 
3 

xP(x-2)(x-3) dx for p Ranging from 
0 

1 to 16 and e Ranging from 1 to 10-8. If 
the point (p,e) lies in the zone numbered 
N, the adaptive Newton-Cotes {2N +1)-point 
rule is the most efficient of those tested. 

/ , 

These r e s u l t s a r e of i n t e r e s t b e c a u s e they ind i ca t e tha t if the 
in tegrand has a high, s h a r p peak, or if g r e a t a c c u r a c y is r e q u i r e d , an 
adapt ive h i g h - d e g r e e ru l e i s m o s t eff icient . This i s in c o n t r a d i s t i n c t i o n 
to the reiore f ami l i a r s t a t e of a f fa i r s in which s h a r p p e a k s a r e a s s o c i a t e d 
with inefficient po lynomia l approxinnat ions and the use of l o w - d e g r e e r u l e s . 

In addit ion, e r r o r c u r v e s of the adapt ive N e w t o n - C o t e s r u l e s for the 
q u a d r a t u r e s I j , I^, and I3 and a p a r t i c u l a r va lue of p a r e d i s p l a y e d in 
F i g s . 4, 5, and 6, r e s p e c t i v e l y . The e r r o r c u r v e s of the adap t ive Newton -
Cotes (2N + l ) -po in t r u l e s a r e l abe led EN; the p r o j e c t i o n s of the p a i r s of 
i n t e r s e c t i o n points ( P I V I _ I , P N ) onto the £ ax i s define, for fixed p , the 



l o g e i n t e r v a l o v e r w h i c h t h e ( 2 N + l ) - p o i n t r u l e i s m o s t e f f i c i e n t , in t e r m s 

of p o i n t s M r e q u i r e d ; a n d t h e l i n e s S I , S 2 , S 3 , S 4 , a n d S5 w i t h s l o p e s 6 . 8 , 

10 , 1 2 , a n d 1 4 , r e s p e c t i v e l y , i n d i c a t e t h e r a t e of c o n v e r g e n c e of t h e s e r u l e s . 

Fig. 4. Error Curves of the Adaptive Newton-Cotes {2N + l)-point Rules in 
/ .I , 

Approximating Ij = 1 (x2 + lO-S)"^ dx. A point (M.e) located 
J -1 

on line Ê j between intersection points ( P N - L P N ) indicates that the 
2N + 1 adaptive Newton-Cotes routine with input error clj required 
the least number M of function evaluations of the routines tested. 

Fig. 5. Error Curves of the Adaptive Newton-Cotes (2N + l)-point Rules in 

Approximating l2 = \ xAl . l -x )9dx . A point (M.e) located 

Jo 
on Une EN between intersection points ( P N - I . P N ' in<li<:ates that the 
9.N + 1 adaptive Newton-Cotes routine with input error el2 required 
•tim HiiMit uurabet M of function evaluations of the routires tested. 
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Fig. 6. Error Curves of the Adaptive Newton-Cotes (2N +1)-point Rules in 
/,3 

Approximating l3 = j xl8(x-2)(x-3) dx. A point (M,£) located 
Jo 

on line E^ between intersection point (PN-I.PN) indicates that the 
2N + 1 adaptive Newton-Cotes routine with input error el3 required 
the least number M of function evaluations of the routines tested. 

These r e s u l t s define (for a p a r t i c u l a r p) the e i n t e r v a l of g r e a t e s t 
efficiency of the ( 2 N + l ) - p o i n t r u l e s and d e m o n s t r a t e that the modi f ied 
Newton-Cotes r u l e s , being of po lynomia l d e g r e e 5, 7, 9, 11, and 13 have 
e r r o r c u r v e s wi th s lopes a p p r o x i m a t e l y equa l to 6, 8, 10, 12, and 14, 
r e s p e c t i v e l y . 



APPENDIX 

FORTRAN Listings of the Comparison Routine, the Integrand 
and Integral Evaluation Subroutines, and the Five 

Adaptive Quadrature Subroutines 

1. Routine for Comparing Adaptive Newton-Cotes Quadrature Routines 

F0RTK4N IV '. tEVEL I , MUO 1 MAIN DATE = 68298 i b / b b / S S 

C auSIRATUKE ROUTINE COMPARISON DRIVER 
C 

0001 UOUHLE PRECISION 4 , 8 , E I , F E , P I . O P . F P , P . E P S . U l , R I . R t , R E S . U O » U , I . tVAL 
CC02 JUUHLt PRECISION OE 
CU03 CnMHUN P . I F I , IFC f ICC 
CaOA DIMENSION I V C I 5 I iU0R(6 l . I H L E d S I 
OCrS 0414 Q 0 R / ' 2 • , " . ' . ' f t ' . ' a ' , ' C ' , ' < • / 
C v\C h P K 1 N T 1 5 
Cacy 15 F0RM4T(-ITtST OF 404PTIVE NEWtON COIES 2.*.6.8.10 M4Vlt 4M0 RUMSkR 

XG • / / / I 
C008 1 RE40 li-.jO.Tl TLt 
C0C9 PRINT 1000,TITLE 
COIC RE4) I'JOl ,IFI .INC 
coil PRINT Ljni,IF1,INC 
CO 12 DO 11 N^l.INC 
C0I3 READ lOIZ.A.a.EI ,DE,PI .DP 
0014 PRINT 1006,4.B,EI.Dt,PI,0P 
0015 KEAU lOO'.tFE .FP.ie .1 P.ICVC 
0016 PRINT u:7,Ft,FP,lt,IP,ICVC 
0017 f>n 10 >< = l , ICVC 
0018 READ ( 5 , 1 0 0 3 1 ( I VC I I I . I =• I , 5 I 
C019 RE43 1C35,K. ICC 
0020 IFL4LL= l 
0021 XM4«=FP 
0022 XPINCH-IFP-PI1 / lC.OOO 
0023 YM4X=KE 
0024 YMIN=EI 
0025 XMIN=PI 
0026 XF=''i % 
0027 r,0 TU W ,31 iK 
0028 2 P=PI 
C029 GO TO 4 
0030 3 P = i : . C 0 1 » * l - P l l 
0031 4 UO 9 L = l . I P 
0032 YF=E' 
0933 t P S - 1 0 . 3 0 » * I - E I I 

ll\X 20 :SJ : :T f? - : : ^ ;o l I :5 , . . . . ,012.5. . EPS. . ,D12 .5 , . P . . , 0 U . 5 „ , . 
C036 R I - E V 4 L ( 4 , 1 I 
0037 DO 8 J = l , I E 
0038 IFCS=214f'.816<.7 
C039 RES=1.CJ»7'. 
C040 SyM=JDRl61 
0041 DO ' ' ' ' . ^ 
0042 I F d V C I I I . E O . O I G O TO 7 
0043 a i = U U A O ( A , B , t P S , l I 

0044 RE=D4BSI« l - a l l / R I 

30 F o i : ! : T " ' o ; : . : 0 2 2 : ! 5 ' . R. = . , 0 2 2 . 1 5 , . RERR= . ,D22 .15 . . FC0ONT= . , I 8 , / 
tn 

cn4T I F U t . G T . E P S I G O TO 7 
CnZa I F I I F C S . L I . I F C I G d TO 7 
l l i l I F I I F C S . ^ T . I F C I O U TO 6 
OOSr IFtRES.Lfc.HElGU TO 7 
C051 6 IFCS=IFC 

0045 
0046 
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„ » I N OATE = 6 8 2 8 8 1 6 / 5 6 / 5 3 
F0RTR4N IV G LEVEL 1 , MOD 1 " " ' " 

0 0 5 2 K t S = R f 
0 0 5 3 SYM=UD«( I I 

0 0 5 4 7 CONTINUE 

0 C 5 5 PRI'^JT VO . , . . . . . . . , . , . . » . . » • » • • • • • • • • • » * • • • * * • • " * • * • • * * " " 5G F n R H 4 T I . « » « * » • » « 

0 0 5 7 SO TO 1 1 6 . 1 ' ! - X v o , „ r H . y M 4 X . 0 . 1 , K , e H P A R A H b T R , 8 H - L U G I t P I , I F C 

0 0 5 8 
16 CALL r O L y P U X ; , r P . X M 4 X . X P l N C H , Y M 4 X , 0 . 1 . K , 8 H P A R A M E T R . 8 H -

X 4 L L , I , l , X M I N , Y M I N , S Y M , T I T L t , l l 

'clTc U C 4 L ; " Y O L Y P L . X P , Y P , X M A X , X P I N C H . Y H A X , 0 , l , K , a H - L O G . P . , 8 H - L 0 G . EP . , IFC 

X 4 L L , 1 , 1 . X « I N , Y M I N , S Y M , T I T L E , I I 

0 0 6 1 1'5 I F ( I F C 4 L L . E ( J . 2 ) G 0 TO 12 

C 0 6 2 I F C 4 L L = 2 

0 0 6 3 12 E P S = E P S * 1 0 » 0 D C * * I - D E I 

0 0 6 4 8 Y P = Y P * D t 
0 0 6 5 xP = XP<-nP 
0 0 6 6 GO TO ( 1 9 , 2 1 1 , K 
0 0 6 7 19 P=PtLlP 
0068 GO TO 9 
0069 21 P=P*1C.3D0««I-DPI 
C070 9 CONTINUE 
0071 10 CONTINUE 
0072 11 CONTINUE 

l°]l " t l : Y a L Y P L ( " x ; ' ; p ' i M A X , X P I N C H , Y « A X , - l . l , K , 8 H P A R A M E T R . 8 H - L 0 G ( E P I . I F 

X C 4 L L , 1 , 1 , X M I N , Y M 1 N , S Y M , T I T L E , 1 I 

C 0 7 5 STOP 
r 0 7 6 ICCO F 0 R M 4 T ( 1 8 4 * I 
0 0 7 7 I C C l F 0 R 1 4 T ( 2 I 2 I 
0 0 7 8 1CC2 F n R M 4 T ( 6 D 1 2 . 5 1 
CC79 1CC3 F0RM4T I 5 1 1 1 
0 0 8 0 1CC4 F a R M 4 T ( J D 1 2 . , 5 , I 3 , I 3 , I 2 l 
0081 ICC5 FORMATI 13,1 21 . „,., , , ,__, 
8082 1CC6F0RM4TC 4-.,D12.5,. B=.,012.5,. IEP=..012.5.• DEP=•,D12.5.. IP=.. 

0083 1CC7''FORM4T(. FE = ' , D 1 2 . 5 , . FP=.,012.5,. EC= ' , n , ' PC= ..13,. VC= '.12, 

X//I 
0084 END 

FORTRAN IV G LEVEL 1. I-OD 1 MAIN D4TE = 68270 12/16/41 

C au4DR4TURE ROUTINE SELECTOR 

C 
0001 FUNCTION 0U4D(4,B,EPS,I I 
0002 DOUBLE PRECISION A,B,EPS,EP,FCN,OUAD,ANC2,4NC4,4NC6,4NC8,ANC10,P 
0003 COM^'ON P,IFI , IFC, ICC 
0004 EXTERNAL FCN 
0005 IFC=C 
0006 EP=EPS 
0007 H=15 
0008 N=ICC 
0009 GO TO(10,20,30,40,5C1,1 
0010 10 auA0=ANC2(4,B,EP,H,N,FCNI 
0011 RETURN 
0012 20 0U4D=ANC4(A,B,EP,P,N,FCN1 
0013 RETURN 
001', 30 QU4D = 4NC6(4,B,EP,P,N,FCNI 
0015 RETURN 
0016 40 (iU4D = ANCB(4.B,EP,K,N,FCNI 
0017 RETURN 
0018 50 QU4D=4NC10(A,B,EP,M,N,FCNI 
0019 RETURN 
0020 END 
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FORTRAN IV G LEVEL 1, MOD 1 DATE ' 68270 12/16/41 

0001 
0002 
0003 
00C4 
0005 
0006 
0CC7 
0008 
00C9 
0010 
OOll 
0012 

C 
C 

10 

20 

30 

EVALUATES INTEGRAND FUNCTION 

FUNCTION FCNIXI 
OOUeiE PRECISION X,P,FCN 
COMfCN P.IFI,IFC,ICC 
IFC=IFC*1 
GO TC(10,20,30I,IFI 
FCN=l.OD(J/(X»X*P»PI 
RETURN 
FCN=X/(1.1D0-XI»«P 
RETURN 
FCN=X»»P«(X-2.0001•(X-3.0D0I 
RETURN 
END 

FORTRAN IV G LEVEL 1, POD 1 DATE = 68270 12/16/41 

COOl 
0002 
0003 
0004 
0005 
0005 
0007 
0008 
0009 
0010 
OOll 
0012 
0013 
0014 
0015 
0016 
0017 
0018 
0019 
0020 
0021 
0022 
0023 
0024 
0025 
0026 
0027 
0028 

0029 
0030 

EVALUATES DEFINITE INTEGRAL 

-l.lD0/iai»T4l 

FUNCTION EVAL(A,BI 
DOUBLE PRECISION A,0,P,EVAL,TI,T2,T3,T4,Ql,02 
caM̂ 'ON p,iFi ,iFC, ICC 
GO TCI 10,20,301,IFI 

10 EV4L=(D4TAN(B/PI-DATAN(A/PII/P 
RETURN 

20 IFIP.EO.I.ODOI GO TO 24 
IF(P.E0.2.000I GO TO 28 
ai=P-1.0DC 
O2=P-2.0D0 
Tl=(1.10C-ei»«02 
T2=(1.100-BI*»01 « 
T3=(1. 100-AI»«02 
T4=( 1.inO-41••Ql 
EV4L=-1.0D0/(C2»Tll»l.lDO/(Ol»T2l*U0DO/(02*131-
RETURN 

24 Tl=n4BS(I.IDO-BI 
T2=DABS(1.1D0-AI 
EVAL=A-B-l.in0»(DL0G(Tll-DLOG(T2ll 
RETURN 

28 Tl=D4BS(l.lDC-81 

EV4L*DLOG(TU-DLOG(T2fl.lD0/(l.lOO-BI-l.lO0/(l.lD0-A( 
RETURN 

30 T1=B«R 
T2-A»A 
FvlL*B"?3.(Tl/(PO.000l-5.0D0»8/(P*2.0D0f6.000/(PM.C00l.-A..T3. 
X(I2/(P»3.0DOi-5.0DO*A/(P»2.0DOI»6.0DO/(Pn.ODOII 
RETURN 
END 
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Adaptive Quadrature Routine Based on Newton-Cotes 3-point Rule 

FORTRAN IV G LEVEL 1, HOO 1 
DATE = 68270 12/16/41 

0001 
0002 

0003 
0004 
0005 

0006 
0007 
0008 
0009 
0010 
OOll 
0012 
0013 
0014 
0015 
0016 
0017 
0018 
O019 
0020 
UU21 
0022 
0023 
0024 
0025 
0026 
0027 
002 8 
0029 

0030 
0031 
0032 
0033 
0034 
0035 
0036 
0037 
0038 
0039 
C040 
0041 
0042 
0043 
0044 
0045 
0046 
0047 
0048 
0049 

A S A P T ! V E " C U A D J A T U R E R O U T I N E BASED ON NEWTON-COTES 3 POINT RULE 

INITIAL CALL 

FUNCTION ANC2(A1,B1,EP,M,N,FUN1 
DOUBLE PRECISION ANC2.Al,Bl,EP,FUN, A.B.EPS,4BSAR,EST,FA,FM.F6,XB, 
1F1,F2,FBP,EST2,DIFF,ESTI,SUM,DAFT,ESUM,TSUM,DA,SX,SA 
DOUBLE PRECISION AEST2,FTST,FM4X,4EST1, DELTA,AEST 
DIMENSION F2I30I ,FBP(30 I,EST2(30 I,NRTR(30 I 
DIMENSION 4EST2(30I,FTST(3I,XB(30I 
THE PARAMETER SETUP FOR THE 
IF(N.LE.OIGO TO 210 
IF(N.GT.3IG0 TO 211 
A=A1 
8=B1 

EPS=EP*15.0D0 
ESUP.O.ODO 
TSUM=C.ODO 
LVL = 1 
DA-B-A 
FA=FUN(AI 
FM=FUN((A«BI«0.5D01 
FB=FUN(BI 
M = 3 
FM4X=D4BS(F4I 
FTST(1I=FH4X 
FTST(2I=D48S(FMI 
FTST(3I=DA6S(FBI 
DO 100 1=2,3 
IF(FPAX.GE.FTST(IIIGO TO 100 
FMAX=FTST(II 

100 CONTINUE 
EST=(F4*4.0D0*FM»FBI*DA/6.0D0 
ABS4R=IFTST(1 I•4.0D0«FTST(2 I•FTST(3 Il*D4/6.0D0 
AEST=ABSAR 
1=RECUR 

1 SX=(0A/(2.0D0**LVLII/6.0D0 
F1=FUN((3.000«A*BI/4.0DOI 
F2(LVLl=FUN((4«3.0D0»fll/4.0D0I 
EST1=SX*IFA+4.000*F1»FMI 
FBP(LVLI=FB 
XB1LVLI=B 
EST2(LVLI=SX*(FM*4.0D0»F2(LVL|tFBI 
SUM=ESTltEST2llVLI 
FTSTIl)=DABS(Fll 
FTST(2I=D4BS(F2(LVLII 
FTST{3I=DABS(FPI 
AEST1=SX*(DABS(FAI+4.0D0»FTST(1I»FTST(3M 
AEST2(LVLI=SX»(FTST(3I •4.00 0»FTST(2|tDABS(FBII 
ABSAR=ABSAR-AEST+AESTl*AEST2(LVLI 

GO TO (201,200,2021 ,N 
200 DELTA=ABSAR 

GO TO 205 
210 PRINT 39 
39 FORMATC ERROR RETURN-N. LE.O. I 
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FORTRAN IV G LEVEL 1, PCD 1 *NC2 DATE = 68270 12/16/41 

0050 
0051 
0052 
0053 
0054 
0055 
0056 
0057 
0058 
0059 
0060 
0061 
0062 
0063 
0064 
0065 
0066 

0067 
006S 
0069 
0070 
0071 
0072 

0073 
0074 
0075 
C076 
0077 
0078 
0079 
0080 
OOSl 
0082 
0063 
0084 
0085 
0086 
0087 
0088 
0089 
0090 
0091 
0092 
0093 
0094 

RETURN 
211 PRINT 40 
40 F0RP4T(. ERROR RETURN-N.GT.3•1 

RETURN 
201 OELTA^l.ODO 

GO TC 205 
202 DO 203 1=1,2 

IFIFMAX.GE.FTSKI 1 IGO TO 203 
FMAX=FTST(I1 

203 CONTINUE 
DELTA'FMAX 

205 DAFT=EST-SUM 
0IFF=D4BS(04FTI 
D4FT=04FT/15.000 
IF(0IFF-EPS»DELTAI6,6.3 

3 IF(LVL-30I4,2,2 
6 IF(LVL-1I2,4,2 

C 2 = UP 
2 4=B 

ESUM=ESUM»D4FT 
TSUM=TSUM«SUM 

9 LVL-LVL-l 
L=NRTR(LVLI 
GO TC ( 11 ,121 ,L 

C ll=Rl,12=R2 
4 NRTR(LVLI=l 

EST^ESTl 
4EST=4EST1 
FB'FP 
FM = F1 
B=(4»BI/2.0D0 
EPS=EPS/2.0D0 

7 LVL=LVL*1 
GO TO 1 

U NRTR(LVLI=2 
F4 = FB 
FM-F2(LVLI 
FB=FBP(LVLI 
B=XB(LVL) 
EST=EST2(LVLI 
4EST=AEST2(LVLI 
GO TO 7 

12 EPS-2.0D0»EPS 
IF(LVL-lt 5,5.9 

5 ANC2=ISUM-ESUM 
RETURN 
END 
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3. Adaptive Quadrature Routine Based on Newton-Cotes 5-point Rule 

MAIN DATE = 68270 12/15/41 
FORTRAN IV G LEVEL 1, POD I '<'>'" 

C 4NC4 INTEGR4TI0N 

0001 
0002 

C ADAP 
C 

TIVF CU4DR4TURE ROUTINE B4SED ON NE-TON-COTES 5 POINT RULE 

1 Fl,FS,F3,FM,F2,FT,F4,FB,FTP,FbP,FMAX,FTST,EST,AEST,ESTl,Ebl2,AtSI 

^J;^^^I^0N^"2^;SnF^:;?i"F?p'^;o^^"-^0„FTST.5„EST2.30,,NRTR(30. 
0004 DIMENSION AEST2(30l,xe(30l 

C THE PARAMETER SETUP FOR THE INITIAL CALL 
0005 IFIN.LE.OIGO TO 210 
0006 IF(N.GT.3IG0 TO 211 
0007 4=41 
0008 B=Bl 
0C09 EPS=EP*63.OD0 
0010 ESUK=C.0D0 
0011 TSUM=0,000 
0012 LVL=1 
0013 D4=B-4 
0014 FA=FUN(4I 
0015 FS=FUN((3.0DO*AtBI/4.0DOI 
0016 FM=FUN((A*BI*0.5D0I 

0017 FT=FUN(IA»3o000*BI/4.0D0) 
0018 FB=FUN(B1 
0019 M=5 
0020 FM4X=DABS(F4I 
0021 FTST(1I=FM4X 
0022 FTSTI2I=DABS(FSI 
0023 FTST(3)=D4BS(FM) 
0024 FTSTCI =DABS( FT) 
0025 FTST(5l=D4BS(Fal 
0026 DO 100 1=2,5 
0027 IF(FM4X,G6.,FTST( I IIGO TO IOC 
0028 FM4X=FTST(II 
0029 100 CONTINUE 
0030 EST=(7.0D0*(F4»FB(•32.000*(FS*FTI•12.0D0«FMI•04/90.ODO 
0031 ABS4R=(7.0D0»(FTST(1l*FTST(5ll*32.0D0*( FT ST(2l*FTST(41)«12,000«FTS 

1T(3)l*DA/90.0D0 
0032 4EST=ABSAR 

C 1=RECUR 
0033 1 SX=(DA/(2.0DO»*LVLI1/90.000 
0034 F1=FUN((7.0D0»AtBI/e.0DOI 
0035 F3=FUN((5.0D0*4+3.0D0*BI/8.CD0I 
0036 F2ILVLI=FUN((3.0DO*A*5.0DO»BI/8.0DOI 
0037 F4(LVLI=FUN((A+7.ODO*B)/8.0D0I 
0038 EST1 = SX*(7.OO0*(FA»FMI*32.ODO*(Fl»F3I«12.0D0*FS I 
0039 FBP(LVLI=FB 
0040 FTP(LVLI=FT 
0041 XB(LVL)=B 
0042 EST?(LVLI=SX*(7.0D0*(FM*FBI*32.0D0*(F2(LVL|tF4(LVLII*12.0D0*FT( 
0043 SUM=EST1+EST2(LVL1 
0044 FTSTI1I=D4BS(FlI 
0045 FTST(2I=DABS(F2(LVLII 
0046 FTST(3I=DABSIF3I 
0047 FTST(4I=0A8S(F4(LVL1I 
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FORTRAN IV G LEVEL 1 , PCD 1 «NC4 DATE = 68270 1 2 / 1 5 / 4 1 

CC48 FTST(5I=D4SS(FHI 
0049 AEST1=SX»(7 .0C0* (CABS(F4 I •FTSTI511*32 .0D0* (FTST( 1 K F T S T ( 3 I I • 1 2 . 0 0 0 

X*OABS(FSn 
0050 A E S T 2 ( L V L I = S X * ( 7 . 0 0 0 * ( F T S T ( 5 I » D A B S ( F B I I • 3 2 . 0 0 0 * ( F I S T ( 2 I •FTST(4 I 1*1 

X2.0D0*DABS(FTI I 
0051 4BS4R=4 6S4R-4EST^4EST1*4EST2(LVLI 
C052 M=M*4 
0053 GO TC ( 2 0 1 , 2 0 0 , 2 0 2 ) , N 
0054 200 DELTA=ABSAR 
0055 GO TO 205 
0056 210 PRINT 39 
0057 39 F0RM4T(. ERROR RETURN-N.LE.O.• 
C05S RETURN 
0059 211 PRINT 40 
0060 40 FORMAT(. ERROR RETURN-N.GT.3.I 
0061 RETURN 
0062 201 DELTA=l.0D0 
0063 GO TO 205 
0064 202 DO 203 1=1,4 
0065 IF(FM4X.GE.FTST(I))GQ TO 203 
0066 FM4X=FTST(I) 
0067 203 CCNTINUE 
0068 DELI4=FM4X 
0069 205 DAFT=EST-SUM 
007C DIFF=OABS(DAFTI 
0071 DAFT=CAFT/53.000 
0072 IF(0IFF-EPS*DELTAI5,5,3 
0073 3 IF(LVL-30)4,2,2 
0C74 6 IF(LVL-1)2,4,2 

C 2 = UP 
0075 2 4=8 
0076 ESUP=ESUM^DAFT 
0077 TSUM=TSUM^SUM 
0078 9 LVL=IVL-1 
0079 L=NRTR(LVLI 
0080 GO TC ( 11 ,121,L 

C 11=R1,12=R2 
0081 * NRTR(LVLI=1 
0082 EST=EST1 
0083 4ESI=4ESTl 
0084 FB=FM • 
0C85 FT=F3 
0CB6 FM=FS 
0087 FS=F1 
0088 B=(4^6)/2.0D0 
0C89 EPS=EPS/2.000 
0090 7 LVL=LVL+1 
0091 GO TC 1 
0092 11 NRTR(LVLI=2 
0093 FA=FB 
0094 FS=F2(LVL) 
0095 FM=FTP(LVLI 
0096 FT=F4(LVL) 
0C97 FP=FPP(LVL) 
0098 8=XR(LVLI 

0099 
0100 
0101 

ESI=EST2(LVLI 
AFST=AFST2(LVL1 
GO TC 7 

0102 l-! fcPS = 2.CO0*ePS 
0103 1F(LVL-1)5,5,9 

0104 5 ANC4=TSUM-ESUP 
0105 RETURN 
0106 END 
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4. Adaptive Quadrature Routine Based on Newton-Cotes 7-point Rule 

FORTRAN IV G LEVEL 1, VCC 1 

COOl 
0002 

C 4NC6 INTEGRATION 

C 
C 

ACAPTIVE CUACBATURE ROUTINE BASED JN NEWTUN-COTES 7 POINT RULE 

FLNCTIfN ANC6(Al,el,EP,»',N,FUNI 
DOUBLE PRECISION 'NC6, Al ,61 , EP, FU.M, A, B, F PS, SUM . ESUM , TSUM.DA , X8 , SX 
l,Fl,FS,F3,F",F2,FT,F4,F8,FTP,FBP,FMAX,FTST,EST,AEST,ESn,bST2,AEST 
'l.AEST2,4BS4f<,DELTA,CIFF.C AFT,FA,SA 

00C3 DOUBLE PRECISICN FK, F 5, FU , F6 , XR . X5, XU, X6 , FUP ^ ^ ^ , , „ , ^.n,,,,,, 
06c4 DIMENSION F2(30l,F4(30l,FTP(3O),fBP130l,FTST(7l.£ST2(3OI,NRTR(3O) 
CC05 DIMFNSinN AESI2(3:i,XB(30I 
0006 CIMENSICN FUP(33(,F6(3C1 

C THE PAB4METti< SETUP FOR IMF INITIAL CALL 
0C07 IFINjLE.OGC TC 2 1 "I 
0008 IF(N.GT,3IGC TC 211 
0009 A=A1 
OCIC 0=B1 
0011 EPS=EP*255,CDC 
0012 tSU«=C,ODO 
CC13 TSUM=C, ODO 
0014 LVL=1 
0C15 nA=6-4 
0015 FA=FUN(A1 
CC17 FR=FUN((5^000»A^B)/6j0D0) 
OOIB FS=FUN( (2.0r)0*A^B)/3.0D0I 
0 0 1 9 F P = F U N ( I 4 ^ B I * C . 5 D 0 1 
0 0 2 0 FT = F L M ( A * ? , G C O ' B I / 3 j 0 n 0 l 
0 0 2 1 F U = F U N ( { A + 5 . G C O « B ) / 6 , 0 D 0 ) 
0 0 2 2 F 8 = F U N ( B ) 
0 0 2 3 M=7 
0 0 2 4 F P « X = C 4 B S ( F A ) 
0 0 2 5 F T 5 T I 1 ) = F M A X 
0 0 2 6 F T S I I 2 ) = D A B S ( F R ) 
0027 FTST(31=DOBSIFS) 
0C28 FTST(4I=DABS(FM) 
0029 FTSTI51=DA8S(FTI 
0030 FTST(6I=DABS(FU) 
0031 FTST(7l=DAeS(FB) 
0032 DO ICC 1=2,7 
0033 IF(FPAX.,GE,FTST(I I IGO TO 100 
0034 FMAX=FTSTIII 
0035 100 CONTINUE 
0035 EST = ( 41. ODJ*IFA+FBI •215.000* I FR^FUU27,0D0*(FS^FT)* 272 OD0*FM)*DA/ 

1840.COC 
0037 ABS6R=(41.0n0»IFTST(l)+FTST(7))+215<0D0*(FTST(2)^FTST(5l)+27,0D0*( 

1FTST(3)+FTST(511^272^0D0*FTST(4I)«0A/B40. ODC 
0038 AEST=4BS4R 

C 1=RECUP 
CC39 1 SX=(D4/I6,000*2,ODO«*LVLI1/140.CDO 
CG40 Fl=FUN((ll,CnC»4^B)/12.0DO) 
0041 F3=FLN((9.0DG»A^3.0D0«BI/12.00CI 
004 2 F5=FUN(I7,TD0«4+5,0D0»B1/12.0D0) 
0043 F2(LVLI=FUNI(;,0D0*4^7,CD0*BI/12.OOCI 
0044 F4(LVL)=FUN(I3.000»A^9.0 0P*B)/12.0 00I 
0045 F6(LVLI=FUN((4^1UTD0*B)/12.000I 
0046 ESTl=SX*(4UOD0*(F4^FM)^216.OD0»IFl + F5l^27.CDO*(FR^FSI^272 nD0*F3l 
C04V FBP(LVL1=FB 
0 0 4 8 X B ( L V L I = P 
0 0 4 9 F T P ( L V L I = F T 
0 0 5 0 F U P ( L V U = F U 
0 0 5 1 E S T 2 I L V L I = S X * ( 4 l , 3 D 0 4 ( F M ^ F B ) ^ 2 l 6 . 0 D O * ( F 2 ( L V L ) ^ F 6 ( L V L I I ^ 2 7 « O D O * ( F T + 

l F U ) ^ 2 7 2 . , 0 n 0 * F 4 ( L V L ) I 
0 0 6 2 S U M = F S T U E S T 2 ( L V L I 
0 0 5 3 F T S T I 1 I = D A 9 S ( F 1 I 
0 0 5 4 F I S T ( 2 ) = D A B S ( F 3 1 
0 0 5 5 F T S I ( 3 I = D 4 B S ( F 5 I 
0C56 F T S T ( 4 I = D A f l S ( F 2 ( L V L ) ) 
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FORTRAN IV G LEVEL I, PCU 1 4MC5 04TE = 68270 12/15/41 

0C57 FTST(5)=0ABS(F4(LVL)) 
0058 FrST(6l=DA^S(F5lLVL)) 
0059 F T S T ( 7 I = D A B S ( F M I 
0060 AEST l = SX*( 41. 0D0*( DABS (FAI^FTST (7))*216.0D0*(FTST(U^FTST(3I)^27.0 

1 D 0 * ( 0 A B S ( F R ) * C A B S ( F S ) ( • 2 7 2 . 0 0 C * F T S T ( 2)) 

0061 AFST2(LVL)=SXt(41.0D0*(FTST(7)^D4BS(F6) I•216,00?*(FTSTI4 I•FTST(6)) 
1*2 7 . 0 D C * ( C 4 B S ( F T ) ^ D 4 B S ( F U ) I • 2 7 2 . 0 0 D * F T S T ( 5 I I 

CC6 2 4BSAR=ABSAR-4EST^4FSTU4EST2(LVLI 
0063 M=M^6 
0054 GO TO (201,2C0,2021,N 
0065 200 DELTA=AflSAR 
0C66 GO TO 205 
0067 210 PRINT 39 
0058 39 FORPAI(. ERROR RETURN-N.LE.O.I 
CC59 RETURN 
CC70 211 PRINT 4C 
0071 40 FURMATI" ERROR RtTURN-N.GT.3'I 
0072 RETURN 
0073 2Cl DELIA=1.000 
0074 GO TC 205 
C075 202 DO 203 1=1,6 
0075 IF(FMAX.GE.FTST(I IIGO TO 203 
0077 FMAX=FTST(I) 
CC78 203 C G M I N U E 
0C79 0EL7A=FPAX 
0080 205 D4FT=ESI-SUM 
0081 niFF=D4PS(C4FTI 
0082 C4FT=C4FT/255.0D0 
0083 |F(r;lFF-EPS*DELT4)5,6,3 
0084 3 IF(LVL-3C)4,2,? 
0085 5 IF(LVL-1I2,4,2 

C 2 = UP 
0C86 2 *=B 
0087 ESUM=FSUM^OAFT 
C08B TSLP=TSUM^SUM 
0089 9 LVL=LVl-l 
0090 L=NRTR(LVL) 
0091 GC TC (11,121,L 

C 11=R1,12=B2 
0092 '• N R I K ( L V L I = 1 
0093 ESI=ESTl • 
0094 AeST=AESTl 
C095 FB=FM 
CC96 FU=F5 
CC97 FI=FS 
CC98 FM=F3 
0099 F5=FR 
OlOC FR=F! 
0101 8=14^B|/2.000 
01C2 tP5=EPS/2.0C0 
0103 7 LVL=LVL^1 
C104 GO TC 1 
01C5 11 NRTR(LVL)=2 
C1C6 FA = FB 
0107 FR=F2(LVLI 
C1C8 FS=FTP(LVL) 
0109 FM=F4(LVLI 
0110 FI=FLP(LVll 
0111 FU=F6(LVLI 
0112 FB=F8P(LVLI 
0113 B=xe(LVL) 
0 U 4 EST=FST2(LVL) 
0115 AEST=AEST2(LVLI 
0116 GC TC 7 
0117 12 tPS=EPS*2.CD0 
o n e IF(LVL-1)5,5,9 
0115 5 4NC6=T5UM-FSUM 
C12C RETURN 

C121 f""" 
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5. Adaptive Quadrature Routine Based on Newton-Cotes 9-point Rule 

M.iM DATE = 68270 21/22/05 
FORTRAN IV G LEVEL 1, MOD 1 M*"^ ""'"^ 

C AC4PT1VE%UACKAIURE ROUTINE BASED ON NEWTON-COTES 9 POINT RULE 

C 
COOl FUNCTION 4NC8(41,81,EP,M,N,FUN) 
0002 DOUBLE PRECISION ANCe,Al,Bl,EP,FUN, A,B,EPS,ESUM,TSUM,OA,XB,SX,FA 

1.F1.FS,F3,F»I,F2,FT,F4,FB,FTP,FBP,FM4X,FTST,EST,4EST,EST1,EST2,AEST 
21,AEST2,4BS4R,0ELTA,DIFF,DAFT,SUM,SA 

0003 DOUBLE PRECISION FR,F5,FU,F6,XR,X5,XU.X6,FUP 
0004 DOUBLE PRECISION FO,F7,FV,F8,XO,X7,XV,X8,FVP ^„.,„, ,,,.,„, 
0005 DIMENSION F2(30),F4(30),FTP(30l,FaP(30),EST2(30),NRTR(30),FTST(9) 
0006 DIMENSION AEST2(301,XB(30 I 
00C7 DIMENSION FUPI30),F5(30) 
0008 DIMENSION F8(30l ,FVP(30) 

C THE PARAMETER SETUP FOR THE INITIAL CALL 
0CC9 IF(N.LE,0)GO TO 210 
0010 IFIN.GT.ilGC TO 211 
0011 A=Al 
CC12 B=B1 
0013 EPS=EP*1023.0CO 
0014 ESUM=C.000 
0015 TSUM=C.OD0 
0016 LVL=1 
0017 0A=B-A 
CC18 FA=FUN(A) 
0C19 FO=FUN(I7.0D0*A+RI/e.OOO) 
002C FR=FUN( I 3, .0D0*A^B)/4.0DO) 
0021 FS=FUN((5.OD0*A^3<OD0»B)/8.ODOI 
0022 FM = FUM ( A ^ B I ' C S D O ) 
00 23 FT=FUN((3.0DO*A^5.0 0 0 * B I / 8 . 0 D 0 ) 
0024 FU=FUN((A^3.0D0*B) /4 .0D0) 
0025 FV=FUN((A+7.0D0*B) /8 .0D0) 
0026 FB=FUN(BI 
0027 M=9 
0028 FMAX=DABS(FAI 
0029 FTSTI11=FMAX 
0030 FTST(2I=DABS(FQI 
0031 FTST(3I=0ABS(FR) 
0032 FTSr(4)=DABS(FSI 
0033 FTST(5)=D4BS(FMI 
0034 FTST(6I=D4BS(FTI 
0035 FTST(71=DABS(FUl 
0036 FTST(8)=DABS(FVI 
0037 FTST(9I=0ABS(FB) 
0038 DO 100 1=2,9 
0039 IFIFMAX.GE.FTSTII)IGO TO 100 
0040 FMAX=FTSr(I) 
0041 100 CONTINUE 
0042 EST=( 989. 000* (FA*F8K588B.0D0*(F0^FV 1-926, 0D0*(FR^FU)^10496.0D0*(F 

XS^FT)-4540.000*FM)*DA/28 350.0DO 
0043 ABi4R = (98 9.000*(FT5T(1I^FTST(9))•5888.000*(FTST(2)•FT ST(8))-928,OD 

X0*(FTST(3UFTST(7) ) • 10495.0D0* ( F TST (4 ) •F T ST ( 5 1 )-4540. ODO*F T ST ( 5 ) ) * 
XD4/28350.0DC 

0044 4EST=6BS4P 
C 1=RECUR 

0045 1 SX=D4/(2835C.CDC«2.000**LVLI 
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FORTRAN IV G LEVEL I, MOD I ANC8 DATE = 68270 21/22/06 

0045 Fl=FUN(I15.0D0»4^BI/15.000I 
0047 F3=FUN((13.000*4^3.000*6)/16.ODOI 
004 8 F5=FUN((11.0D0*A^5.0D0*B)/16.0D0I 
0049 F7=FUN((9.000*A^7.000*81/15.000 1 
0050 F2(LVL)=FUN((7.0DO*A^9.0DO*B)/15.0D0I 
0051 F4(LVL)=FUN((5.ODO*A^U.000*8 I/16.000 I 
0052 F6(LVLI=FUN((3.0DO*A^13.0 00*8)/15.0DC) 
0053 F8(LVLI=FUN((A^l5.000*8)/16.000) 
0054 ESTl = SX*(989.000*(FA^FM)•5888.000*1F1^F7)-928.0D0*(FQ*FSI•10496. 00 

XO*(F3^F5)-4540.0DO*FRI 
0055 F8P(LVL)=FB 
0056 XB(LVLI=8 
0057 FTP(LVLI=FT 
0058 FUP(LVLI=FU 
0059 FVP(LVLI=FV 
0 C 5 0 E S T 2 ( L V L I = S X » ( 9 8 9 . 0 D 0 * ( F M ^ F B K 5 8 8 8 . 0 D 0 * ( F 2 ( L V L ) ^ F e ( L V L ) ) - 9 2 8 , 0 D 0 * ( 

X F T ^ F V I ^ 1 0 4 9 5 . 0 0 0 * ( F 4 ( L V D • F S I L V L I ) - 4 5 4 0 . ODO*FU I 
0 C 6 I S U M = E S T U E S T 2 ( L V L I 
0062 FTSTIll=D4BS(Fl) 
0063 FTST(2)=048S(F3) 
0064 FTST(3)=OABS(F5l 
0055 FTST(4I=DA8S(F7) 
0065 FTST(5)=DABS(F2(LVLII 
0067 FTST(6I=DABSIF4(LVLII 
CC5e FTST(7)=D4BS(F5(LVLII 
0069 FTST(8)=D4BS(F8(LVLI) 
0070 FTST(9)=DABS(FMI 
0071 AESTl = SX*(989.0D0*(0A8SIFA)^FTST(9))•5888.000*1FTST ( 11•FT ST I 4))-92 

X8.0D0*(DABS(F0)^DABS(FSI)^10496.0D0*IFIST(2I*FTST(3M-4540,0D0*DAB 

X S(FR I ) 
0 0 7 2 A E S T 2 ( L V L ) = S X * ( 9 8 9 . 0 D 0 * ( F T S T ( 9 ) ^ D A B S ( F 8 t ) • 5 8 8 8 . 0 0 0 * ( F T S T ( 5 1 • F T ST I 8 

X ) ) - 9 2 B . 0 D 0 * I D A B S ( F T I • D A B S ( F V ) ) • 1 0 4 9 6 . 0 0 0 * ( F T S T ( 5 ) • F T S T ( 7 ) ) - 4 5 4 0 . 0 D 

X O * D A B S ( F U ) ) 
C 0 7 3 4 B S A R = A B S A R - 4 E S T ^ A E S T U 4 E S T 2 ( L V L ) 
0074 M=M^8 
0075 GO TO (201,20C,2021,N 
0075 200 DELTA=ABSAR 
CC77 GO TO 205 
0078 210 PRINT 39 
0079 39 FORMATI" ERROR RETURN-N.LE.O.I 

0C8C RETURN 
CCel 211 PRINT 40 
0082 40 FORMATI. ERROR RETURN-N.GT.3"I 
C0B3 RETURN 
0ce4 201 OELTA=l.ODO 
0C85 GO TO 205 
0086 2C2 DO 203 1=1,8 
0057 IF(FMAX.GE.FTST(I IIGO TO 203 
0088 FMAX=FTST(II 
CC89 203 CONTINUE 
0C9C OELTA=FPAX 
0091 205 DAFT=EST-SUM 
0092 DIFF=OABS(nAFTI 
0093 DAFT=DAFT/1023.0DO 
OOqi, IFIDIFF-EPS*DELTA)5,5,3 
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FORTRAN IV G LEVEL 

0 0 9 5 
CC96 

0 0 9 7 
0 0 9 8 
0 0 9 9 
0 1 0 0 
0 1 0 1 
C1C2 

C 1 0 3 
0 1 0 4 
0 1 C 5 
0 1 0 6 
0 1 0 7 
0 1 0 8 
0 1 0 9 
O l i o 
0 1 1 1 
0 1 1 2 
0 1 1 3 
0 1 1 4 
0 1 1 5 
C 1 1 6 
0 1 1 7 
0 1 1 8 
C 1 1 9 
C 1 2 0 
0 1 2 1 
0 1 2 2 
0 1 2 3 
C 1 2 4 
0 1 2 5 
0 1 2 6 
0 1 2 7 
C 1 2 8 
0 1 2 9 
0 1 3 0 
0 1 3 1 
0 1 3 2 
0 1 3 3 
0 1 3 4 
0 1 3 5 
0 1 3 6 

3 
6 

C 
2 

9 

C 
4 

7 

11 

12 

5 

1 , MGD 1 

I F ( L V L - 3 0 I 4 , 2 , 2 

I F ( L V L - 1 I 2 , 4 , 2 
2 = UP 
A = B 
ESUM=ESUM+DAFT 
TSUM=TSUM^SUM 
L V L = L V L - 1 
L = N R T R ( L V L I 
GO TC ( 1 1 , 1 2 ) , L 
1 1 = R 1 , 1 2 = R 2 
N R T R ( L V L I = 1 
E S T = E S T 1 
4 E S T = 4 E S T 1 
FB = FM 
FV = F7 
FU=FS 
FT = F5 
FM = FR 
FS = F3 
FR=FO 
F0 = F1 
B = ( 4 + B I / 2 . 0 D 0 
E P S = E P S / 2 . 0 D 0 
L V L = L V L + 1 
GO TC 1 
N R T R ( L V L ) = 2 
F4 = FB 
F 0 = F 2 ( L V L I 
F R = F T P ( L V L ) 
F S = F 4 ( L V L ) 
F M = F U P ( L V L ) 
F T = F 6 ( L V L ) 
F U = F V P ( L V L ) 
FV = F 8 ( L V D 
FB = FBP( L V D 
B = X B I L V L ) 
EST = E S T 2 ( L V D 
AEST = 4 E S T 2 ( L V D 
GO TO 7 
E P S = 2 . 0 D 0 * E P S 
I F I L V L - 1 1 5 , 5 , 9 
ANC8=TSUM-ESUM 
RETURN 
END 
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6. Adaptive Quadrature Routine Based on Newton-Cotes 11-point Rule 

FORTRAN IV G LEVEL 1, MOD 1 DATE = 58270 

0001 
0002 

0003 
0004 
0C05 
0006 
0007 
0008 
0009 
0010 

OOll 
0012 
C013 
C014 
0015 
0C16 
0017 
0018 
0019 
0020 
0021 
0022 
0023 
0024 
0025 
0025 
0027 
0O28 
0029 
0030 
0031 
0032 
0033 
0034 
0035 
0036 
0037 
0038 
C039 
0040 
0041 
0042 
0043 
0044 
0046 
0046 
0C47 
0048 

ANCIO INTEGRATION 
ADAPTIVE CU4DBATURE ROUTINE BASED ON NEWTON-COTES 11 POINT RULE 

FUNCTION ANrin(4l,Bl,FP.>'.N,FUNI 
DOUBLE PRECISION ANCIO,Al,Bl,EP,FUN,A,B,EPS,SUM,ESUM,TSUM,04,XB,S 
IX,F1,FS,F3,FM,F2,FT,F4,FB,FTP,FBP,FMAX,FTST,EST,4EST,ESTI,EST2,4ES 
2Tl,AEST2,ABSAR,0ELTA,CIFF,DAFT,FA,SA 
DOUBLE PRECISION FR,F5,FU,F5,XR.X5,XU,X5,FUP 
DOUBLE PRECISION F0,F7,FV,F8,XO,X7,XV,X8,FVP 
DOUBLE PRECISICN FP,F9,FW,F10,XP,X9,XW, X10,FWP 
DIMENSION F2(30),F4(30),FTP(30I,FBP(30I,EST2(30I,NRTR(30),FTSTIIII 
DIMENSION AEST2I30),XB(30I 
DIMENSION FUPI30),F5I30I 
DIMENSION Fe(30),FVP(30) 
DIMENSION F10I30I,FWPI30) 

THE PARAMETER SETUP FOR THE INITIAL CALL 
IFIN.LE.OIGO TO 210 
IF(N.GT.3)G0 TC 211 
A*Al 
B=Bl 
EPS=EP*4095.000 
ESUM=0.ODO 
TSUM=C.CO0 
LVL=1 
DA=B-A 
FA=FUN(AI 
FP=FUN((9.0D0*A^B)/10.0D0) 
FO=FUN((4.0D0*A^B)/5.0D0) 
FR=FUN((7,ODO»A^3.000*B)/10.0DOI 
FS=FUN((3.000»A^2.0 00*81/5.0001 
FM=FUN((A^B)*0.5DOI 
FT=FUN((2.0OO*A^3,0U0*8)/5.0DOt 
FU=FUNI(3.ODO*A^7.000*61/10.0001 
FV=FUN((A^4.OD0*8)/5.0D0) 
FW=FtN((A^9.0DO*6)/lO.ODOl 
FB=FUN(fl) 

M=ll » 
FMAX=CABS(FA) 
FTST(1)=FMAX 
FTST(2)=DAaS(FP) 
FTST(3)=DABS(FUI 
FTST(4)=DABS(FRI 
FTST(5)=DABS(FS) 
FTST(5)=DAaS(FM) 
FTST(7)=DA6S(FT) 
FTST(8)=DABS(FU) 
FTST(SI=DABSlhvl 
FTST( 10I=0ABS(FWI 
FTST(11)=DABS1FBI 

DO 1001=2,11 
IF(FMAX.GE.FTST(I))GO TO 100 

FMAX=FTST(II 

100 GO1;TINUE^^^^^^^^^^^^^^^^^^^^^^gpg,IPp^^^l_^j525.0O0^(FQ^FVM2-'24O0 
X.0D0*(FR^FU)-260550.1D0*(FS^FTI^427368.0O0»FMI»DA/598752.ODO 
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FORTRAN 

0 0 4 9 

0 0 5 0 

0051 
0052 
0053 
0054 
0055 
0056 
0057 
0058 
0059 
0060 
0061 
0062 

0063 
0064 
0C65 
0055 
0057 
0068 
0069 

0070 
0071 
0072 
0073 
0074 
0075 
0076 
0077 
0078 
0079 
0080 
0081 
0082 

0084 
0085 
0085 
0087 
0088 
C089 
C090 
CC91 
C092 
0093 

IV G LEVEL 1, MOD 1 ANCIO DATE = 58270 21/22/06 

ABSAR=(16067.0DO*(FTST(lfFTST(ll))^105300.0DO*(FTST(2l*FTST(lOn-
X48525.0D0*(FTST(3(•FTST(9I)*27240O.OD0*(FTST(4I^FTST(8)1-250550,00 
X0*(FTST(5I^FTST(7))^427358.0D0*FM)*DA/598752.0D0 
4EST=ABSAR 
1=RECUR 

1 SX=0A/(59e752.000*2.000**LVD 
F1=FUN((19.OD0*A*BI/2O.ODO) 
F3=FUN((17.0DO*A^3.OD0*B)/2O.OD0l 
F5=FUN((15.0DO«A^5.000*6)/20.0DOI 
F7=FUNI(13.0DC*A^7.0D0*B)/20,0D0I 
F9=FUN((11.0DC*A^9.0DO*BI/20.0DO) 
F2(LVL)=FUN((9,000*A^11.000*61/20.000) 
F4(LVL)=FUN((7.0D0*4+13.000*61/20.000) 
F6(LVL)=FUN((5.0D0*4+15.0D0*B)/20.0D0) 
F8(LVL)=FUN((3.000*A+17.0DO*B)/20.0D0) 
F10(LVL)=FUN((A^19j0D0*B)/20.0D0) 
ESTl=SX*I 16067.ODO*(FAtFM)^106300.0D0*(F1^F9)-48525.ODD*(FP*FS(•27 

X240C.000*(F3+F71-250550.000*IFO^FRI+427358.ODO»F5) 
F 6 P ( L V L I = F B 
X B ( L V L I = B 
F T P ( L V L ) = F T 
F U P ( L V L ) = F U 
F V P ( I V L ) = F V 
F h P ( L V D = F W 
E S T 2 I L V L I = S X » ( 1 6 0 5 7 . 0 0 0 * ( F M + F 6 I + 1 0 6 3 0 0 . 0 D O * ( F 2 ( L V L ) • F 1 0 ( L V D ) - 4 8 5 2 

X 5 . 0 D O * ( F T + F H ) + 2 7 2 4 0 0 . 0 D O * I F 4 ( L V L ) + F 8 ( L V L ) ) - 2 6 0 5 5 0 . 0 D 0 * ( F U + F V ) + 4 2 7 3 

X 6 8 . C O 0 * F 6 ( L V L ) ) 
S U M = E S T 1 + E S T 2 ( L V L ) 
F T S T ( 1 ) = D A B S ( F 1 ) 
F T S T ( 2 I = D A B S ( F 3 I 
F T S T ( 3 ) = D A B S ( F 5 ) 
F T S T ( 4 ) = D A B S ( F 7 ) 
F T S T ( 5 ) = D A 8 S ( F 9 ) 
F T S T ( 5 ) = D 4 B S ( F 2 ( L V L I I 
F T S T ( 7 ) = 0 A B S ( F 4 ( L V L ) I 
F T S T ( 8 I = D A B S ( F 6 ( L V D ) 
F T S T ( 9 ) = D A B S ( F 8 ( L V L ) ) 
F T S T I 1 0 ) = D A B S ( F 1 0 ( L V L I ) 
F T S T ( l l ) = D A B S ( F M I 
4 E S T 1 = S X * ( 1 6 0 5 7 . 0 D 0 * ( D A B S { F A I + F T S T ( 1 1 ) ) + 1 0 6 3 0 0 . 0 D O * ( F T S T ( l l + F T S T ( 5 

X ) l - 4 8 52 5 . O D O * ( O A B S ( F P I + D A B S ( F S ) ) • 2 7 2 4 0 0 . O D O * ( F T S T ( 2 ) • F T S T ( 4 ) 1 - 2 5 0 5 
X 5 0 . 0 D O * I D A B S ( F 0 ) + D A B S ( F R ) ) + 4 2 7 3 6 8 . 0 0 0 * F T S T ( 3 ) ) 

A E S T 2 ( L V L ) = S X * ( 1 6 0 5 7 . O D O * ( F T S T ( I I ) + O A B S ( F B I 1 + 1 0 6 3 0 0 . 0 0 0 * ( F T S T ( 5 l + F 
X T S T I 1 0 1 1 - 4 8 5 2 5 . O D O * ( D A B S ( F T ) • D A B S ! F W ) ) + 2 7 2 4 0 0 . 0 D 0 * ( F T S T I 7 ) + F T S T ( 9 1 
X ) - 2 6 05 5 0 . C D O * ( O A B S ( F U ) + D A B S ( F V I ) + 4 2 7 3 6 8 . O D O * F T S T ( 8 I ) 

A B S A R = A B S A R - A E S T + A E S T 1 + A E S T 2 ( L V L ) 
M=M+10 
GO TO (201,200,2021,N 

200 DELTA=ABSAR 
GO TO 205 

210 PRINT 39 
39 FORMATI' ERROR RETURN-N.LE.O. I 

RETURN 
2 1 1 PRINT 4 0 

4 0 F O R M A T C ERROR R E T U R N - N . G T . 3 ' I 
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A u r m DATE = 68270 2 1 / 2 2 / 0 5 
FORTRAN IV G LEVEL I . MCD I AMCIO U»'t 

0094 RETURN 
0095 201 DELTA=l.OUO 
0096 GO TC 205 
0097 202 DO 203 1=1.10 
CC98 I F I F M A X . G E . F T S T d D G O TO 203 
0099 FMAX=FTSI( I ) 
0100 203 CONTINUE 
0101 DELTA=FMAX 
0102 205 OAFT=EST-SUM 
0103 OIFF=DABS(DAFT) 
0104 DAFT=DAFT/4095.000 
0105 1F (D IFF -EPS*DELTA)6 ,5 ,3 
0105 3 I F ( L V L - 3 0 ) 4 , 2 , 2 
0107 6 I F ( L V L - l ) 2 , 4 , 2 

C 2=UP 
0108 2 A=B 
0109 ESUP=ESUM+DAFT 
0110 TSUM=TSUM+SUM 
0111 9 LVL=LVL-1 
0112 L=NRTR(LVL) 
0113 GO TO ( 1 1 , 1 2 ) ,L 

C 11=R1,12=R2 
0114 4 NRTR(LVL)=l 
0115 EST=ESTl 
0116 AEST=AESTl 
0117 Ffl=FM 
0118 FW=F9 
0119 FV=FS 

FU=F7 
FT = FR 

0120 
0121 
0122 f ' ' = F5 
0123 FS=FO 
0124 FR=F3 
0125 FO=FP 
0126 FP=Fl 
0127 B=(A+B) /2 .0DO 
0128 EPS=EPS/2.0D0 
0129 7 LVL=LVL+1 
0130 GO TC 1 
0131 11 NRTR(LVL)=2 
0132 FA=FB 
0133 FP=F2(LVL) 
0134 F(3=FTP(LVL) 
0135 FR = F 4 ( L V D 

0144 

FS = FUP(LVD 
FM=F6(LVL) 
FT=FVP(LVL) 
FU=F8(LVL) 

0136 
0137 
0138 
0139 
0140 FV=FWP(LVL) 
0141 FW = F 1 0 ( L V D 
0142 FB=FBP(LVL) 
0143 B=XB(LVL) 
„ . „ EST=EST2(LVD 
o J ^ 5 AEST = AEST2(LVD 
0146 GO TO 7 

0147 12 EPS=EPS*2.0DO 
flio IFILVL-115,5,9 
ol*, 5 ANC10=TSUM-ESUM 
0150 RETURN 
0151 END 
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